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[1] To reexamine the potential for lateral mixing over large distances (>100 km) by

impact craters, a mathematical model utilizing the stable probability distribution is
proposed for estimating lateral mixing efficiency on the Moon. The proposed model
divides material mixing into shallow slope and steep slope regimes. Mixing in the shallow
slope regime conforms to the condition that the exponent of the power law describing
lunar crater size frequency is larger than the exponent of the power law describing the rim
thickness plus 2; otherwise the mixing is called the steep slope regime. The model
suggests that in the shallow slope regime, lateral mixing on the Moon is efficient enough
to deliver 20–30% exotic components over distances greater than 100 km (e.g., highland
material to the mare). The model indicates that lateral mixing conforming to the
steep slope regime is not efficient if linear addition of ejecta deposits is assumed because
in this regime, impact cratering is driven by small craters reworking lunar surface, and
the addition of crater ejecta is an invalid assumption. If the result of the proposed
model for the shallow slope regime is applied to regolith layers below the reworked zone,
a significant number of ‘‘exotic’’ components is predicted.
Citation: Li, L., and J. F. Mustard (2005), On lateral mixing efficiency of lunar regolith, J. Geophys. Res., 110, E11002, doi:10.1029/
2004JE002295.

1. Introduction
[2] The knowledge of the composition of lunar soils is
fundamental for understanding geological processes on the
Moon and deciphering the history of lunar evolution. In
general, the composition of lunar soils is assumed to be
representative of the bedrock beneath. However, most
Apollo and Luna samples indicate a significant amount of
materials derived from elsewhere [Wood et al., 1970;
Quaide and Oberbeck, 1975; Rhodes, 1977; Laul and
Papike, 1980; Laul et al., 1981; Hörz, 1978; Hörz et al.,
1991]. Given the interest in lunar regolith evolution and
future sample return missions, it is important to understand
the origin of these exotic components [Li and Mustard,
2003].
[3] In the Apollo era of lunar exploration impact mixing
was introduced as the process responsible for the presence
of exotic components, but the relative importance of lateral
versus deep vertical mixing was unresolved [Florenskiy et
al., 1974; Evensen et al., 1974; Murthy, 1975; Rhodes,
1977; Hörz, 1978]. Here deep vertical mixing refers to the
excavation of highland materials beneath an overlying mare
deposit, which is distinct from shallow, small-scale vertical
mixing describing the regolith turnover and impact gardening by many small craters [Yingst and Head, 1999; Li and
Mustard, 2000]. At the root of the debate on the relative
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importance of lateral versus deep vertical mixing is the
origin of highland components (20 – 30% by mass) in soil
samples returned from several mare regions [Evensen et al.,
1974; Murthy, 1975; Quaide and Oberbeck, 1975; Rhodes,
1977; Hörz, 1978; Hörz et al., 1991]. One side of the debate
proposed that the exotic components come from remote
highland regions via lateral mixing, while the other side
suggested that they result from deep vertical mixing by
‘‘local’’ craters ranging from a few hundred meters to a few
kilometers in diameter [Evensen et al., 1974; Murthy, 1975;
Quaide and Oberbeck, 1975; Rhodes, 1977; Hörz, 1978;
Hawke et al., 2004]. Each side demonstrated the supporting
evidence resulting mainly from geochemical and petrographic studies of returned samples, impact cratering modeling and remote sensing observations.
[4] In the past decades, the geochemical analyses of lunar
soil samples have provided evidence for efficient vertical
mixing [Adler et al., 1974; Farrand, 1988; Simon et al.,
1981; Simon et al., 1990]. However, most of these studies
were limited to modeling soil development and evolution
governed by the shallow vertical mixing [e.g., Arnold,
1975]. Therefore these argument were less or not relevant
to the deep vertical mixing process. Quaide and Oberbeck
[1975] provided a specific Monte Carlo model that established the fractional contribution to the regolith thickness of
crater ejecta as a function of source depth, and the work
adequately addressed the deep vertical mixing process. The
model, however, predicted that only 5% of the regolith
comes from depths of 75 m or more. Because mare basalts
were at least several hundred meters thick [Hörz, 1978], this
model would indicate that an insignificant (<5%) amount of
highland had been excavated from beneath basaltic mare via
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deep vertical mixing. Therefore deep vertical mixing was
not able to explain the origin of the significant (20 – 30%)
highland contamination observed in mare soils.
[5] As an additional transport mechanism, lateral mixing
due to either repetitive impacts or single catastrophic events
was also proposed to explain the highland contamination.
Several studies have documented ‘‘large-scale’’ lateral mixing through primary crater ejecta (rays) of single large
craters on the Moon [Evensen et al., 1974; Murthy, 1975;
Pieters et al., 1985; Campbell et al., 1992; Head et al.,
1993; Fischer and Pieters, 1995; Blewett et al., 1995;
Mustard and Head, 1996; Staid et al., 1996; Korotev et
al., 2000; Korotev and Gillis, 2001; Jolliff et al., 2000; Li
and Mustard, 2003]. Specific to lateral transport by repetitive impacts, previous observations and modeling work
demonstrated that lateral mixing by repetitive impacts
appeared to be efficient only within distances much less
than 100 km. Florenskiy et al. [1974] showed a 50-km
albedo gradient across a mare-highland boundary, suggesting lateral mixing at mare-highland contacts on the Moon
occurred. Our recent work [Mustard et al., 1998; Li and
Mustard, 2000] showed symmetric mixing zones across
mare-highland contacts, which were ascribed to lateral
mixing by repetitive impacts of many small craters. Our
observations indicated efficient mixing only within a short
distance (2 to 4 km) from the mare-highland contacts. The
models by Shoemaker et al. [1969, 1970] and Arvidson et
al. [1975] also indicated inefficient lateral mixing over a
large distance.
[6] The general goal of this paper is to re-examine the
potential for efficient lateral mixing over a large distance
(>100 km) by impact craters less than 10 – 20 km in
diameter. A new model is proposed to serve this purpose.
The new model used a stable distribution to describe
regolith thickness. A stable distribution is a family of
distributions that allows skewness and heavy tails in a
density distribution. The family of this distribution is
characterized by Lévy [1954] in his study of sums of
independent identically distributed (IID) terms. Appendix
A provides a brief introduction to the stable distribution law.
The new proposed model differs from previous models and
has the capability to accommodate a wide range of exponents for the power law describing the crater size frequency
distribution. The model by Arvidson et al. [1975] used the
power law with the exponent 3.4 to describe the crater size
frequency, and would diverge when the exponents less than
3 were used. The specific objective of the paper is to show
(1) how lateral mixing efficiency depends on the crater
ejecta thickness decay and the size frequency distribution
and (2) how 20– 30% of exotic components across 100 km
or more can be likely created by lateral mixing. For a given
site, lateral mixing efficiency here refers to the ratio of
ejecta from a given distance and beyond to the total
accumulative ejecta (TAE) at that site. Throughout the rest
of the paper the significant contamination means the introduction of 20 – 30% of the exotic components, and the
critical distance is referred to 100 km.

2. Lateral Mixing Model
[7] Marcus [1969, 1970] proposed a model to describe
lunar elevation and considered a cratered surface as the
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‘‘moving average’’ of a random point process. The model
assumed that an initially flat surface is excavated by primary
impact craters and a linear superposition of ejecta blankets
occurs at any given point of the lunar surface. We adopted
this model to estimate lateral mixing efficiency on the
Moon. We first specified a site (o) on the Moon as the
origin of our coordinates (see Appendix B), then calculated
the total accumulative ejecta (TAE) at the origin produced
by all surrounding craters, and finally derived lateral mixing
efficiency. Lateral mixing efficiency is a function of the
distances of the craters from the origin (o).
2.1. Total Accumulative Ejecta at a Site
[8] Let N(x, r) be a Poisson random variable; x represents
the crater diameter in meters; r is a vector representing
crater location, and r denotes the length of the vector r; dN
denotes the number of craters of diameter x to x + dx in a
small region d(r) centered at the point o. Let z(x, r) denote
the blanket thickness of a crater with diameter x and located
at r. The total accumulative ejecta (TAE) Z, a random
variable can then be represented by
Z
Z¼

zð x; rÞdN ð x; rÞ

ð1Þ

[9] Marcus [1970] found that Z obeys a ‘‘stable distribution’’ law. Because of the lack of a closed formula, the
probability density of the stable distribution is computed
through a Fourier transform (FT). Let p(Z) denote the
probability density of Z. Then the characteristic function
(CF) corresponding to p(Z), f(u) is first obtained through a
FT. The FT of p(Z) gives
Zþ1
fðuÞ ¼

expðiuzÞpð zÞdz
1

0

¼ exp@

Zx1

Z1
xð xÞdx

x0

1
2pr½expðiuzð x; rÞÞ  1drA;

ð2Þ

0

where xm and x0 are the maximum and minimum crater
diameters respectively and x(x) denotes the expected
number of craters of diameter x per unit area per unit
diameter interval.
[10] Marcus [1970] defined two conditions:
xð xÞ ¼ Ff ð xÞ ¼ F

gxg0
1
;
1  ðx0 =xm Þg xgþ1

zð x; rÞ ¼ R0 xh ð x=2rÞk ;
¼ 0;

x0 < x < xm ;

ð3Þ

r > x=2;
r < x=2;

ð4Þ

where F = C/xg0 denotes the total number of craters per unit
area (km2) with diameters x0 < x < xm; C is a constant; f(x) is
the percent frequency of craters with a diameter x relative to
total crater population, and it is derived through normalizing
differential crater frequency by total crater number ranging
from x0 to xm in diameter (see section B3 for details); g is
the exponent of the power law describing the crater size
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bility distribution, the mean value of TAE, E[Z] can be
calculated from equation (B13). Marcus [1970] gave
E ½ z ¼ i

d
pgR0
Fx2þh :
fðuÞu¼0 ¼
2ðk  2Þðg  2  hÞ 0
du

ð7Þ

As shown in Table 1, we refer to lateral mixing with 2 + 2
h/k < g 2 + h as the shallow slope regime, and with g >
2 + h as the steep slope regime in later discussion. Recall
that the slope in a log-log plot of the crater size frequency
distribution is determined by the exponent of the
corresponding power law (g). One should also note that
xm ! 1, and x0 ! 0 for the shallow slope regime, and
xm ! 1, and x > 0 for the steep slope regime.

Figure 1. Example probability density of stable distribution. Alpha determines the mode location, and lambda
defines the full width of half maximum.

frequency distribution; the coefficient R0 and the exponent
h characterizes the dependence of ejecta thickness at the
crater rim on the crater diameter x; and k is an exponent of
the power law describing ejecta thickness decay with
distance. A detailed derivation of the CF is provided in
Appendix B. In the following, we apply equation (B13) to
evaluate two regimes of lateral mixing. The expression of
the CF can be written as

2.2. Total Accumulative Ejecta (TAE)
From a Given Distance
[12] In order to derive lateral mixing efficiency of the
TAE, we derive the TAE delivered from a distance r or more
(see Appendix B). Let pr(z) denote the probability density
function of the TAE delivered from sites with the least
distance r from the origin. The CF fr (u) corresponding to
pr(z) can be written as (Appendix B)
Z1
fr ðmÞ ¼

eimZ pr ðZ Þdz

1

0
¼ exp@

a

lim fðuÞ ¼ expðljuj ½1  isgnðuÞ tanðpa=2ÞÞ

x0 !0
xm !1

Zxm

x0

ð5Þ

Z1
xð xÞdx

1
h
i
imVð x;rÞ
2pr e
 1Adr:

ð8Þ

r

[13] The integration in equation (8) can be evaluated
explicitly for 2 + 2 h/k < g < k + h and k > 2:
2=k < a ¼ ðg  2Þ=h < 1

lim fr ðuÞ ¼ expðljujar ½1  i sgnðuÞ tanðpa=2ÞÞ;

ð9Þ

x0 !0
xm !1

l¼

pgRa0 C
Gð1  aÞ cosðpa=2Þ
2kaðg  2  2h=k Þ

ð6Þ
2=k < ar ¼ g=ðk þ hÞ < 1;

pﬃﬃﬃﬃﬃﬃﬃ
where G( ) is the Gamma function; i = 1; sgn(u) = 1 if
u > 0, sgn(u) = 1 if u < 0. For the limits xm ! 1, and x0 !
0, the conditions of 2 + 2h/k < g 2 + h and k > 2 must be
met. Equation (5) represents the characteristic functions of a
stable density distribution [Gnedenko and Kolmogorov,
1954]. With a specification of parameters in equation (5),
the probability density distribution of the TAE is computed
by running STABLE. A brief introduction to STABLE is
given in section 4. Figure 1 gives an example of a
probability distribution computed with STABLE where a =
0.905 and l = 0.4292. One observes that a stable density
distribution is unimodal and bell shaped [Zolotarev, 1986;
Nolan, 1997]. The mean value for the distribution p(Z) does
not exist when 2 + 2 h/k < g < 2 + h, the mode of the stable
density distribution, is used as an approximate estimate of
TAE. The mode scales with l1/a, and l is solved using
equation (6).
[11] When g > 2 + h, x0 ! 0 is not permitted by the
model, and we have to specify the smallest crater diameter.
After this modification, instead of the mode of the proba-

ða Þ

lr ¼

pgR0 r C
2ðar k Þðg  2  2h=k Þð2rÞar k2

Gð1  ar Þ cosðpar =2Þ;
ð10Þ

[14] Following the similar procedure of deriving p(Z),
pr(Z) can also be derived by STABLE. The mode of the
derived density function is used as the estimates of total
r
(equation
accumulative ejecta. The mode, scaling with l1=a
r
(10)), can be estimated from the probability distribution

Table 1. Lateral Mixing Regimes and Properties
Examples (h = 1)
Regime

Property

k = 2.6

k=3

Shallow
slope
Steep slope

2 + 2 h/k < g < 2 + h

2.77 < g < 3

2.67 < g < 3

g>2+h

g>3

g>3
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Table 2. Parameter Values for the Model
R0

h

k

g

0.032
0.032
0.032

1
1
1

2.5
2.61
3

2.812.99
2.772.99
2.672.99

produced by STABLE. The mode of a probability density
curve (e.g., Figure 1) is defined as the value of a random
variable corresponding to the peak probability density,
which is the most representative value for a variable (i.e.,
total accumulative ejecta).
2.3. Lateral Mixing Efficiency
[15] A more precise formulation for lateral mixing efficiency is likely to be derived if equations (6) and (10) are
used. However the result is very lengthy and complicated.
We have derived from equation (10) a simplified relationship to express lateral mixing efficiency. The simplified
formula is given by
Zr ðrÞ ¼ re ;

ð11Þ

g
where e =  (k  2/ar), r > 1, k > 2, and ar = hþk
. Equation
(11) is derived through three steps: (1) set r = 1 m in
equation (10) and calculate the TAE produced by craters
formed beyond a 1 m diameter circle, (2) set an arbitrary r
(>1 m) and derive the corresponding TAE, and (3) divide
the result from the first step by the second for normalization
and the final result gives lateral mixing efficiency.

3. Parameter Specification
[16] The calculation of the TAE and lateral mixing
efficiency requires the parameter specification for the derived model. Because the parameters describing the ejecta
distribution (i.e., R0, h, and k) and the crater size frequency
(i.e., F, C and g) on the Moon do not have unique values,
various combinations of values for these empirical constants
are used in this study.
3.1. Ejecta Distributions
[17] As a function of distance from the center of a crater,
the ejecta thickness has a maximum at the crater rim, and
exhibits power law decay with increasing distances

[McGetchin et al., 1973]. One can find a wide range of
values for h and R0 depending upon the scale of craters
considered. For large craters and basins on the Moon, the
value for h is 0.74 and 1 when the value for R0 is 0.14 and
0.04, respectively [McGetchin et al., 1973; Settle and Head,
1977]. Pike [1974] argued that the value for h can take 0.34
for R0 taking 22.84 or 35.05, 0.343 for R0 taking 31.1, and
1.0 for R0 taking 0.033. For small craters the value for h can
take 0.94 and R0 0.10 [Arvidson et al., 1975]. For experimental craters, Stöffler et al. [1975] showed that h equals 1
and R0 0.06. We set R0 = 0.032 and h = 1, which is
appropriate for large craters [Schultz and Mustard, 2004].
We chose to use these values because we want to emphasize
the contribution of large craters. Given these values for R0 =
0.032 and h = 1, the ejecta thickness at the rim of a 1-km
diameter crater was estimated to be 32 m. If the eject
thickness follows a 3 power decay law, this thickness
would be estimated to be 4 m at a distance of 1 km from the
crater rim, 0.5 m at 2 km, and 0.148 m at 3 km. The
exponent k in equation (4) varies with crater diameter (x)
and distance from the crater center (r) [Marcus, 1970;
Schultz et al., 1981; Housen et al., 1983]. For values of k,
3 fits small craters well, and 3 to 5 for large craters
[McGetchin et al., 1973; Melosh, 1980; Marcus, 1970]. k
also varies with target characteristics, and is estimated to be
2.61 for impacts into regolith and 3 for solid rock targets
[Housen et al., 1983; Schultz, 1999]. It has been suggested
that k varies as a function of distance, with 4 or 5 near crater
rim, to 2 beyond about three crater radii [Schultz et al.,
1981]. While it is difficult to incorporate the uncertainties of
k into our model, we examined the following values of k:
2.5, 2.61, and 3.
3.2. Crater Size Frequency
[18] The relationship between the crater production
frequency (the cumulative number per unit area) and the
crater diameter for lunar mare craters is characterized by a
double segmentation curve in a log-log plot [McGill, 1977;
Wilhelms, 1987]. The slope of the curve for craters
between a few hundred meters and a few kilometers generally ranges between 2 and 3. The slope for craters larger than
a few kilometers ranges between 1.8 and 2 [Baldwin, 1985;
Chapman and McKinnon, 1986; Wilhelms, 1987]. The
dependence of the slope on the crater diameter can be due

Table 3. Regolith Thickness and Slope of Crater Size Frequency at Apollo Stations
Regolith Thickness, m
Apollo Station
11
12
14
15
16
17

Craters
b

3–6
2 – 4b
10 – 20e
5b
3.7 – 6.7g
3 – 20b
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Seismic
c

4.4
3.7c
8.5b
4.4c
12.2b
6.2 – 36.9b

a

Wilhelms [1987].
Watkins and Kovach [1973].
Nakamura et al. [1975].
d
Shoemaker et al. [1970].
e
Swann et al. [1971].
f
Neukum et al. [1975].
g
Oberbeck [1971].
b
c
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Slope
d

2.93
2.86d
3.55f
3.4f

Crater Number (>1 km/km2)a
3.6
3.4+1.6
 103
0.3
2.4+0.4
 103
0.6
2.6+0.4
 103
2.3
9.0+3.0
 103
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Figure 2. Example of extrapolating cumulative crater frequencies for varying slopes from 1 km
diameter downward to 1 m and upward to 105 m. The crater number at 103 m equals 2.5  109 per m2.
to the projectile size frequency distribution, target properties,
and the varying scaling relation during impact cratering
[Schultz, 1988]. It is not possible to use a single slope for
all sizes of lunar craters. Nevertheless, we used a single slope
(between 3 and 2) in our model in order to emphasize the
contribution to the cumulative ejecta of craters between a
few hundred meters and a few kilometers in diameter
because these craters contributed more ejecta fragments from
bedrock than small craters [Quaide and Oberbeck, 1975].
We run our model with various combinations of parameters
to constrain the uncertainties resulting from using a single
slope. For the condition g > 2 + 2 h/k, the shallowest slopes
used were 2.67, 2.77, and 2.8 when k = 3, 2.61, and 2.5,
respectively. We used a single value 2.99 for the steepest
slope when k = 3, 2.61 and 2.5. The values for parameters R0,
h, k, and g are given in Table 2.
[19] For our calculations, we used a crater density of
2.5  103 (number per km2) for upper Imbrian series
mare (UISM), and 7.5  104 (number per km2) for
Copernican mare (CM) [Wilhelms, 1987]. These values
shown in Table 3 are the cumulative crater density for craters
one km or larger in diameter. Given these values we computed
the density (the cumulative crater number per m2) for craters
>1 m in diameter given the varying slopes of the crater size
frequency distributions. Figure 2 shows an example in which
the crater population was extrapolated downward to the
number of craters larger than 1 m.

needed for retrieving the ‘‘apparent’’ transient diameter
from the observed rim-rim diameter so that equation (3)
can be applied: the first correction to the diameter enlargement due to crater slumping and the second for referring
dimensions to the ‘‘apparent’’ transient diameter [Schultz
and Mustard, 2004].
[21] Let xobs, xslc, and xa denote the finally observed rimrim diameter, the slump-corrected diameter, and the ‘‘apparent’’ transient diameter. The following relation was
suggested by Schultz [1988] for the first correction:
xobs ¼ xslc þ Dx

ð12Þ

xslc ¼ xobs  0:25xa

ð13Þ

where Dx = 0.25 xa.
[22] Schultz and Mustard [2004] suggested the second
correction for a simple crater:
xslc ¼ xa þ 0:25xa ¼ 1:25xa :

ð14Þ

Combining equations (13) and (14) gives the following
overall correction:

3.3. Crater Size Frequency Correction
[20] The crater size frequency is based on the observed
crater diameter statistics, while the scaling law for the ejecta
distribution is associated with ‘‘apparent’’ transient crater
diameters (precollapse diameter referenced to the target
surface before impacts). Therefore two corrections are
5 of 16

1:25xa ¼ xobs  0:25xa

ð15Þ

1:5xa ¼ xobs

ð16Þ

xa ¼ 0:667xobs :

ð17Þ
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Figure 3. Change of cumulative crater frequency after applying rim and slumping corrections to
observed diameter. This plot is for the curve g = 3 in Figure 2 after corrections.
[23] The overall correction by equation (17) results in the
‘‘apparent’’ transient crater diameter 33.3% smaller than the
finally observed rim-rim diameter. The two corrections
resulted in elevated crater size frequencies. Figure 3 shows
a plot for the curve with g = 3 in Figure 2 after the diameter
corrections for the slumping and reference dimension.

function and the result still holds. As shown in Appendix A,
stable distributions are described by four parameters characterizing stability, skewness, scale and shift of the density
function [Nolan, 1997]. In equation (5), the stability is
measured by a, the skewness is 1, the scale by l1/a, and
the shift is 0. For our purpose, STABLE produced regolith
thickness distributions given a and l.

4. Stable Program
[24] Since the probability density functions p(z) in equation (2) and pr (z) in equation (8) can be explicitly solved for
only a few cases [Zolotarev, 1986], we chose the numerical
program STABLE to compute the probability density distributions. STABLE was developed in the Mathematics/
Statistics Department, American University for computing
the density (PDF), cumulative distribution (CDF), and
quantiles for a general stable distribution (J. P. Nolan, Users
guide for STABLE 3.04, 2002 (available at http://academic2.
american.edu/jpnolan)). Nolan [1999] reported that the
STABLE program has a relative accuracy of 106. The core
of STABLE includes several FORTRAN routines to calculate the probability and distribution functions of standardized densities [Nolan, 1999]. The program then used a
three-dimensional spline interpolation of the standardized
density table to approximate a general stable density function. The routines were based on the formulas presented by
Nolan [1997]. Before applying the program STABLE, we
tested the validity and accuracy of the program STABLE.
Because a Gaussian distribution is a special stable distribution, we used STABLE program to generate a Gaussian
distribution by providing a set of parameters, and the result
showed that the Gaussian distribution can be reproduced
accurately. Similar test was done with Cauchy distribution

5. Results
[25] The results of this study were evaluated by two
criteria: (1) whether the predicted TAE is consistent with
the estimates made previously for Apollo landing sites, and
(2) whether the model produces an exotic component
constituting 20 to 30% of the lunar soil from distances of
100 km or more.
[26] Previous estimates of regolith thickness from morphologies and seismic experiments at Apollo landing sites
are listed in Table 3. All sites except Apollo 12 belong to the
upper Imbrian series (UISM) in age. Therefore the regolith
thickness observed at the Apollo sites and estimated from
the model for UISM are comparable. The derived slopes for
the crater size frequency distributions at the Apollo 11
landing site conform to the shallow slope regime, and those
at the Apollo 15 and Apollo 17 sites conform to the steep
slope regime [Shoemaker et al., 1970; Neukum et al., 1975].
The proposed models are invalid for the Apollo 14 and
Apollo 16 landing sites. The derived slopes for the crater
size frequency distributions at these two stations are less
than 2 + 2h/k, indicating a violation of the premise of the
model (i.e., g > 2 + 2 h/k). The regolith thickness at the
Apollo 12 landing site should be close to our estimates for
upper Imbrian series mare since the age of Apollo 12 site is
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Table 4. Exponents for Crater Ejecta Decay (k), Size Frequency (g), and Calculated Regolith Thickness
Upper Imbrium Series Mare

Copernican Mare

g

Regolith Thickness 1

Regolith Thickness 2

2.81
2.84
2.88
2.92
2.95
2.99

68.5
14.3
10.7
11.7
17.8
94.9

129.0
26.5
19.5
20.9
31.3
129.9

2.77
2.82
2.86
2.91
2.95
2.99

186.3
9.6
6.8
7.7
12.8
60.8

358.9
18.0
12.5
13.8
22.6
105.5

2.67
2.74
2.80
2.86
2.93
2.99

131.9
2.6
2.0
2.6
5.0
36.4

272.8
5.1
3.8
4.7
8.8
63.2

Regolith Thickness 1

Regolith Thickness 2

15.5
3.5
2.7
3.2
5.0
22.2

29.2
6.4
5.0
5.6
8.9
38.5

39.0
2.2
1.7
2.0
3.6
18.0

75.2
4.1
3.1
3.7
6.4
31.3

21.9
0.5
0.5
0.6
1.4
10.8

45.2
1.0
0.9
1.2
2.4
18.7

k = 2.5

k = 2.61

k = 3.0

dated about 3.16 Ga in age, which lies near the base of the
Eratosthenian System [Wilhelms, 1987].
5.1. Regolith Thickness
[27] The calculated regolith thicknesses or TAE for the
range of conditions we examined in this study are shown in
Table 4 and Figure 4. These estimates were made on the
basis of the number of craters with diameters one kilometer
or larger for upper Imbrian series mare and Copernican
mare, and for each of these series. Two types of values for
TAE were estimated, TAE (1) (Figures 4a and 4c) for a
crater population with the rim to rim diameter correction
(equation (12) and TAE (2)) (Figures 4b and 4d) for
postslump diameter correction (equation (13)). All estimates
were made by using equations (5) and (6) for the shallow
slope regime defined by the conditions 2 + 2 h/k < g < 2 +
h, a = (g  2)/h < 1. Except for the singularity at g ! 2 +
h = 3 and g ! 2 + 2 h/k, the estimated TAE is generally
reasonable. The TAE ranges from 2.0 to 20 m for upper
Imbrian series mare, 0.5 to 10 m for Copernican mare.
TAE (1), in Figures 4a and 4c, is half the thickness of
TAE (2) in Figures 4b and 4d. This is due to the fact that
the number of the craters after the correction for the
slumping only is smaller than that after the correction to
reference dimension as shown in Figure 3. The TAE (2)
is an estimate of the maximum, and the most probable
values for regolith thickness should fall between TAE (1)
and (2).
[28] Figure 4 shows that the TAE is a nonlinear
function of g. Given a specified k value, the TAE begins
as large value at the smallest g, decreases in value at
middle range of g, and then increases as g increases. This
sensitivity is due to the exponential relationship of a to
l1/a, as a = (g  2)/h < 1 in equation (6). The fact that
l1/a is related to time (t) through C = Fxg0 implies that
the TAE scales with t1/a if a constant cratering rate is

assumed. This indicates that the increase of the TAE is
faster than the increasing age of the surface and that large
craters dominate the production of new regolith fragments
with an increasing surface age.
[29] For the steep slope regime defined by the conditions
g > 2 + h, and a = (g  2)/h > 1 , the estimate of the TAE
from equation (7) is sensitive to the smallest crater diameter
(x0) as shown in Figure 5. The smallest TAE ranges from
7.5 to 14 m for upper Imbrian series mare (Figure 5a) and
2.24 to 4.48 m for Copernican mare (Figure 5c) when the
specified diameter is one meter. However the smallest TAE
is insignificant if a 10-m diameter is used (Figures 5b and
5d). This difference results because fewer craters were
included when the larger diameter was used. Comparing
the calculated regolith thickness (i.e., TAE) in Table 4 with
previous observations at the Apollo 15 and Apollo 17 sites
(Table 3) indicates that using one meter resulted in an
estimate of regolith thickness comparable to the upper
limit of previous observation at Apollo 17, but far
exceeds the regolith thickness at the Apollo 15 landing
site. There are three reasons for this difference. First, one
meter is a small value so that the regolith thickness at the
Apollo 17 site was slightly overestimated; second, using a
single value for the regolith thickness at the Apollo 15
site (i.e., 5 or 4.4 m in Table 4) poorly represented the
distribution of regolith thickness. Lastly, the estimated
regolith thickness is inappropriate, and this point will be
discussed in next section.
5.2. Lateral Mixing Efficiency
[30] Lateral mixing efficiency indicates whether exotic
components constituting 20 to 30% of mare soils can be
delivered to a site over distances of 100 km or more.
Equation (11) demonstrates that lateral mixing efficiency
depends on the three parameters: g, h, and k. Given h = 1,
we can derive the values for g and k required for the
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Figure 4. Predicted regolith thickness in shallow slope regime (2 + 2h/k < g < 2 + h) for (a, b) upper
Imbrian series mare and (c, d) Copernican mare. Figures 4a and 4c show rim diameter correction, and
Figures 4b and 4d show postimpact slumping correction. Diamonds represent the estimates of regolith
thickness for Apollo 11 in Table 4, and squares represent estimates for Apollo 12.
significant lateral mixing. Substituting 20% for Zr(r) and
105 m for r, we have
20% ¼ 105e :

ð18Þ

Solving equation (18) results in e = 0.14. Since
e ¼ ðk  2=ar Þ;

ð19Þ

g
g
where ar = hþk
= 1þk
, and substituting e = 0.14 into
equation (19) results in

g¼

2 þ 2k
:
k  0:14

ð20Þ

From equation (20), we derive g = 2.97 for k = 2.5, g = 2.92
for k = 2.61 and g = 2.80 for k = 3. By repeating the
equivalent steps for Zr(r) = 10% and Zr(r) = 30%, we
obtained e = 0.2 and e = 0.104. The results are
summarized in Table 5.
[31] The dependence of g on k in equation (20) is plotted
in Figure 6. From Figure 6, we can observe that the
significant lateral mixing could occur given small values
of k and g, and large craters dominate the formation of fresh

regolith by producing large volumes of fresh rock fragments. This follows because craters in this diameter range
do not reach an equilibrium state, the slope for such craters
in the size frequency plot ranges from 2 to 3. Therefore
lateral mixing by craters of this size fits the shallow regime
of the proposed model. The results summarized in Table 5
support the conclusion that significant contamination of
mare soils by exotic components from beyond the critical
distance is possible.
[32] We can apply equation (11) to predict lateral mixing
efficiency in the steep slope regime because equation (10) is
still valid when 2 + 2 h/k < g < k + h. On the basis of the
parameter values provided by Arvidson et al. [1975], that is,
g = 3.4, k = 3 and h = 0.94), we derived equation (21):
Zr ðrÞ ¼ r0:68 :

ð21Þ

[33] As shown in Figure 7, equation (21) implies even
lower lateral mixing efficiency than previous models by
Arvidson et al. [1975]. Thus our results summarized in
Table 5 also indicate that the significant lateral mixing over
the critical distance cannot occur in this regime, which is
consistent with previous predictions [Arvidson et al., 1975].
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Figure 5. Predicted regolith thickness in steep slope regime (g > 2 + h) for (a, b) upper Imbrian Series
mare and (c, d) Copernican mare. In Figures 5a and 5c, 1 m is used as the smallest crater diameter, and in
Figures 5b and 5d, 10 m is used. Squares represent the estimates of regolith thickness for Apollo 15 in
Table 4, and diamonds represent estimates for Apollo 17.
[34] Finally we applied the model to three landing sites
Apollo 11, 12 and Luna 24 to test how the model prediction
is consistent with geochemical observations. The distances
from the nearest highland sites approximate 50 km for
Apollo 11, 25 km for Apollo 12, and 40 km for Luna 24
(R. L. Korotev, 2005, personal communication), the slopes
for crater size frequency plots are 2.93, 2.86 and 3.0
[Shoemaker et al., 1970; Boyce et al., 1977] and the
estimates of highland contamination are 28%, 46% and
10%, respectively [Korotev and Gillis, 2001; R. L. Korotev,
2005, personal communication]. Given these distances and
an exponent 2.61 for ejecta thickness decay law, the model
predicts 19.73% nonmare materials for Apollo 11 site,
which is comparable to 28%; 42.11% nonmare materials
for Apollo 12, which is close to 46%; and 11.96% nonmare
materials for Luna 24 which is very close to 10%. This test
further strengthens the conclusion that lateral mixing in the
shallow regime is more significant (Apollo 11 and 12) than
the steep regime (Luna 24).

6. Discussion
[35] The proposed new model demonstrates that the
significant lateral mixing occurs in the shallow slope regime

rather than the steep slope regime. Inefficient lateral mixing
was suggested by Arvidson et al. [1975] using a steep slope
for the size frequency distribution of craters. In the discussion below, we first explain why both our model and
Arvidson et al.’s [1975] predict inefficient lateral mixing in
the steep slope regime, and then address why mare soils
have approximately higher (20%) highland contamination
while highland soils have much lower mare contamination
[Hörz, 1978; Korotev, 1997; Ziegler et al., 2003, 2004].
6.1. Lateral Mixing in the Shallow Slope Regime
[36] First, both models use the mean of the regolith
thickness in predicting lateral mixing efficiency. Housen
et al. [1979] suggested that regolith thickness should be
estimated in terms of a surface probability distribution and

Table 5. Slopes (g) of Crater Size Frequency for Transporting a
Percentage of Exotic Component
k

10% Exotic

20% Exotic

30% Exotic

2.5
2.61
3.0

3.043
2.995
2.85

2.97
2.92
2.80

2.92
2.88
2.76

9 of 16

E11002

LI AND MUSTARD: LATERAL MIXING OF LUNAR REGOLITH

Figure 6. Variation of the slopes (g) of the crater size frequency with the exponent (k) of ejecta decay
law given the percentage of material contamination. These relationships are based on equation (17) and
parameter values listed in Table 5.

Figure 7. Range frequency distributions for the exotic components laterally transported over
distances exceeding 1 m in the steep slope regime. The distributions are defined by the relationship
Zr(r) = re, and e = 0.46 and 0.68.
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treated as a function of the fraction of the surface over
which they apply. As such, the mode of the density function
for regolith thickness distribution rather than an average
should be used as a representative value of regolith thickness for a given area. In the steep slope regime, the
probability distribution of regolith thickness might be
expected to have a representative thickness (i.e., the mode)
corresponding to a surface dominated by many small craters
because they occupy more surface area than large ones do.
However, the values for the regolith thickness are confounded by the significant probability of large impact crater
mixing. It is very common that one just use the average
lunar regolith as reference when discussing the contamination of exotic material into lunar regolith, ignoring the fact
that lunar regolith is not homogeneous in thickness and
exhibits a probability distribution. An estimated average
thickness from the full spectrum of craters diameters would
likely represent regolith thickness formed by neither many
small or large craters.
[37] Second, reexamining the assumption in both models
indicates that neither could accommodate the shielding
effects on regolith growth, especially efficient in the steep
slope regime. In the early development of regolith, a full
spectrum of craters sizes contributed to regolith production
and the shielding effect on regolith growth from small
craters was insignificant because regolith was relatively
thin. This assumption of linear addition is likely valid
because crater ejecta have not saturated the surface [Housen
et al., 1979]. However, the shielding effect of regolith
becomes significant as the regolith thickens, increasing
the number of small craters ‘‘filtered’’ out [Lindsay, 1975;
Quaide and Oberbeck, 1975; Housen et al., 1979]. Small
craters (<100 m) form mainly within the regolith and do not
contribute to modifying the regolith growth. Instead, they
churn the regolith, dispersing it laterally. Their impacts are
shallow leaving small craters containing much larger volumes of reworked regolith [Shoemaker et al., 1970; Gault et
al., 1974]. Therefore the assumption of linear addition is
invalid for a lateral mixing model in the steep regime and
should be modified to accommodate multiple movements of
the regolith grains [Li and Mustard, 2000].
[38] We have argued that lateral mixing in the shallow
slope regime is able to produce significant lateral mixing
from beyond the critical distance. This contradicts previous
determinations of only 5% abundance of exotic component
at distances of 30 km away from mare and highland
contacts [Li and Mustard, 2000]. It also brings into question
how well remotely sensed data can resolve the compositional gradient across mare-highland contact [Quaide and
Oberbeck, 1975]. Our previous observations of lateral
mixing were focused on specific boundaries or regions,
and the end-members for spectral mixture analysis were
chosen from these specific regions [Li and Mustard, 2000].
It is possible that the selected end-members were contaminated and the observed fractions might be biased or underestimated. Additionally, optical remote sensing is only able
to penetrate a few mm of the regolith surface. This depth is
right on the top of reworked zones where regolith mixing is
dominated by small craters [Gault et al., 1974; Quaide and
Oberbeck, 1975]. Below this reworked zone, depositional
units of various thicknesses produced by relatively small
craters may be found because the reworking and gardening
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of small craters is inefficient in vertically mixing all regolith
layers. The appropriate use of the presented model within
the shallow slope regime is for surfaces mostly occupied by
unsaturated craters. It is also applicable for estimating the
exotic component within the regolith layers below the
reworked zone (P. H. Schultz, 2002, personal communication). We therefore believe that the significant material
contamination could occur beyond the critical distance
below the reworked zone.
6.2. Why More Highland Contamination in Mare
Than Mare in Highland Region?
[39] One dilemma with efficient lateral mixing on the
Moon is how to explain more highland contamination in
the mare than mare contamination in the highlands. Mass
balance constraints suggest that only 6% of the Apollo 16
regolith derives from the maria, which is far less than
highland contamination in mare region [Hörz, 1978;
Korotev, 1997; Ziegler et al., 2003, 2004]. If the majority
of contamination comes from lateral mixing, rather than
vertical, then shouldn’t the highland value be the same as
the mare one (B. Bussey, 2004, personal communication)?
[40] While our current model cannot be used to address
this issue, here we give our interpretation to this dilemma
and highlight several factors that should be considered in
future modeling. First, mare accounts for only 17% lunar
surface area, while highland accounts for the remaining
83% lunar surface. If a spatially uniform distribution of
craters is assumed, the total number of craters in the mare is
much fewer than in the highland. Naturally it is expected
that there are more craters in the highland contributing to
the delivery of more highland materials to mare region than
in the opposite direction. Integrative effects would be that a
larger amount of highland must have been transported into
mare region than vise versa per unit area. Second, relatively
large craters are random in location but far from spatially
uniform because they have a tendency to be found in the
highland because of the larger highland surface area than
mare. If large craters play a significant role during lateral
mixing as shown by Li and Mustard [2003], then more
highland contamination to mare soils should be expected.
Third, the limitation to the availability of contaminating
source materials must be considered in a model, and this
will take into account the effects of the different surface area
of both mare and highland on lateral mixing. In this sense, a
sophisticated numerical model should be developed.

7. Conclusions
[41] A mathematical model is proposed for estimating
lateral mixing efficiencies on the Moon. Two regimes
divided lateral mixing by the shallow slope and steep slope
of crater size frequency distribution. The model predicts that
in the shallow slope regime, typical regolith thickness
ranges from 2.0 to 20 m for upper Imbrian series mare
and 0.5 to 10 m for Copernican mare. If we assume a
constant cratering rate and the shallow slope regime, the
increase of the regolith thickness is faster than the increasing age of the surface, and a nonlinear increase of regolith
thickness produced by large craters.
[42] This study indicates that lateral mixing in the shallow
slope regime can deliver a significant amount (20 to 30%)
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of the exotic material over distances 100 km or larger, while
the steep slope regime cannot. The prediction of inefficient
lateral mixing in the steep slope regime results from failing
to accommodate the shielding effect of regolith on small
craters. The assumption of linear addition of the regolith in
this regime is likely not valid. This explains why the models
both presented here and by Arvidson et al. [1975] predicted
very low lateral mixing efficiency. A model for dealing with
lateral mixing in the steep slope regime should account for
this shielding effect.
[43] Since optical remote sensing penetrates only a few
mm of regolith surface well within the reworked zone, we
would expect depositional units of various thicknesses to be
hidden by the reworked zone of small craters. Our model
under the shallow slope regime is appropriate for estimating
the exotic component of these regolith layers below the
reworked zone, though it cannot be confirmed optically, and
that significant material contamination could occur over the
critical distance.

Appendix A:

Stable Probability Distribution

[44] A stable distribution is the name for a family of
density distributions that allows skewness and heavy tails
[Nolan, 1997, 1999]. These distributions were characterized
by Lévy [1954] in his study of sums of independent
identically distributed (IID) terms. The word stable was
used to denote invariant shape under sums of IID terms. A
mathematically strict definition of a stable distribution can
be found in work by Feller [1971] and Zolotarev [1986]. In
a few words, a distribution is stable if a sum of IID variables
has the same density distribution as the individual variables
in the sum [Gorenflo and Mainardi, 1998]. Three wellknown probability functions, Gaussian, Cauchy and Lévy
distributions, are the specific cases of the stable distribution
because these distributions have closed expressional forms
for the density. The closed formulas for densities and
distribution for all others are not available. The densities
and distributions for stable distributions are calculated
numerically from their characteristic functions (e.g., equations (5) and (9)).
[45] The characteristic function most commonly used for
stable distributions is given by Samorodnitsky and Taqqu
[1994]:
8
expðsa jmja ½1  ibsgnðmÞ tanðpa=2Þ þ itmÞg
>
<
fðmÞ ¼
2
>
: exp sjmj 1 þ ib sgnðmÞ lnjmj þ itm g
p

tacts [Li and Mustard, 2000]. In this study, a < 1 for the
shallow steep regime, a >1 for the steep slope regime, b = 1,
t = 0 and s = l1/a.

Appendix B: Lateral Mixing Model
[46] First, we will derive equation (2), and evaluate
equation (8) by applying equation (3) and (4). Finally, we
will present the derivation of f(x) in equation (3). The
Cartesian coordinates shown in Figure B1 are used to
facilitate the discussion, in which r denotes a vector of
the length r. We will derive the probability density distribution of Z, representing the total accumulation of ejecta
(TAE) at the origin, and Zr, representing the total accumulation of ejecta thickness (TAE) beyond outside of a circle r.
B1. Derivation of Equation (2)
[47] Our derivation is based on the Markov method
[Chandrasekhar, 1943] and the assumption of a linear
addition of crater ejecta. Given an ejecta thickness distribution (z(x, r)) of craters with diameter x, we write TAE
resulting from N craters beyond a circle of radius r as
Z
Z¼

where i = [1]0.5. One can see a stable distribution is
determined by four parameters: an index of stability a, a
skewness parameter b, a scalar s and a location parameter t
[Nolan, 1997]. The value range of the parameters is 0 < a
2, 1 b 1, and s > 0. t is any real number. The shape of
a stable distribution is determined by a and b. The case of
a = 2 and b = 0 defines Gaussian function, while a = 1 and
b = 0 defines Cauchy function. Because a stable function
allows a heavy tail, hence permits infinite variance, the
Cauchy function was used in an anomalous diffusion model
for the compositional gradient across mare-highland con-

ðB1Þ

pr2 F ¼ N

ðB2Þ

(r ! 1; N ! 1; F = constant).
Recall F denotes the total number of craters with diameter
x0 < x < xm per unit area. The Markov approach results in
equation (A3) between the probability density distribution
(p(Z)) and its characteristic function (fN (u)),
1
4p2

pN ðZ 0 Þ ¼

Z1
expðiu Z 0 ÞfN ðuÞdu;

ðB3Þ

1

where
N Z
Y

Zr

xm

fN ðuÞ ¼

i¼1

ðA1Þ

zðx; rÞdN ðx; rÞ:

Let r and N approach infinity simultaneously such that

x0

a 6¼ 1
a ¼ 1;
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exp iu zi xi ; r0i  fi xi ; r0i dr0i dxi : ðB4Þ

ri0 ¼0

Here fi (xi, ri0) denotes the probability of occurrence of the
ith crater at the location ri with a diameter xi. We now
assume that the only fluctuations in Z that are compatible
with the average crater density occur, then


1
fi xi ; r0i ¼ 2 f ð xÞ;
pr

ðB5Þ

where f(x) is the frequency of the craters with different
diameters given in equation (3). With equation (B5),
equation (B4) becomes
2
1
fN ðuÞ ¼ 4 2
pr
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B2. Evaluation of Equation (9)
[49] Substituting equations (3) and (4) into equation (B9)
and replacing zero for the inner integral limit by r, we derive
2
fr ðuÞ ¼ exp4

Zxm
xð xÞdx

8x0
¼ exp

Z1

½expðiuzðx; rÞÞ  12prdr5

r

<Zxm
:

3

gF0 xg0
1
dx
1  ðx0 =xm Þg xgþ1

x0

Z1

h

2pr eiuR0 x

h

r

9
i =
ð Þ  1 dr :
;
x k
2r

ðB10Þ

With the transformations
x R0 h 1=k
;
2 y
!
1=k
R
xh=kþ1
dy
and dr ¼  0
2k y1=kþ1

y ¼ R0 xh ðx=2rÞk ;

r¼

equation (B10) is transformed into
0

Figure B1. Coordination system for lateral mixing model,
from which the total accumulative ejecta thickness is
derived both at the origin (o) and from outside of the circle
r. Black circles represent randomly distributed craters
generated through computer simulation.

B
fr ðuÞ ¼ exp@

Zxm
2½1 

x0

0
B
¼ exp@

2=k
pgFxg0 R0
g ðg22h=k Þþ1
ðx0 =xm Þ x

h ðx=2r Þk
R0 xZ

dx

h
R0 xZ
ðx=2rÞk

s
2xðg22h=k Þþ1

dx

x0

 1Þ
2

ðeiuy  1Þ
2

kyk þ1

0

ðe

kyk þ1

0

Zxm

1
iuy

C
dyA

1
C
dyA;
ðB11Þ

[48] We now let r and N tend to infinity according to
equation (B2); thus

2=k

pgFxg R

where s ¼ ½1ðx00=xm0 Þg .
fðuÞ ¼

lim

r!1;N !1

fN ðuÞ
2

¼

lim

r!1;N !1

Z1 Z r

4 1
pr2

x¼0

Integrating equation (B11), we obtain

3pr2 F
expðiu zðx; r0 ÞÞ  f ð xÞdr0 dx5

8
>
<s

:

r0 ¼0

ðB7Þ

1
fr ðuÞ ¼ exp
>
2
ð
g

2

2h=k
Þxg22h=k
:

Because

s
þ
2

1
pr2

Zxm Z r

R0 ðh þ k Þxh1 ð x=2rÞk
ðg  2  2h=k Þxg22h=k

x0

0

f ð xÞdxdr ¼ 1;

ðB8Þ

r0 ¼0

x0

Zxm

8
>
<s
1
¼ exp
g22h=k
>
: 2 ðg  2  2h=k Þx0

we can then rewrite the expression for f(u) in the form
2

Zxm Z r

1
6
fðuÞ ¼ lim 41  2
r!1
pr
¼ exp4F
2
¼ exp4

Zxm

Z1
pð xÞdx

x0

Zxm

0
Z1

s
1
2 ðg  2  2h=k Þxg22h=k
m

Z

g2 2
h k

3
ðB9Þ

0

eiuy  1
dy
ky1þ2=k

R0 xh0 ðx0 =2rÞk
R0 xh0 ðx0 =2rÞk

½expðiuzðx; rÞÞ  12prdr5

eiuy  1
dy
ky1þ2=k

0

Z

s
1

2 ðg  2  2h=k Þxg22h=k
m

3

½expðiuzðx; rÞÞ  12prdr5;

xð xÞdx

x0

7
½1  expðiu zðx; r0 ÞÞ  f ð xÞdr0 dx 5



ðeiuy  1Þ

R0 xh0 ðx0 =2rÞk

R0 xhm ðxm =2rÞk

3pr2 F

r0 ¼0

x0 0

2

!xm
!
!
!
dy
!
2
!
kyk þ1
!
0
x0
9
>
k
h
=
eiuR0 x ð x=2rÞ  1
"
#1þ2=k dx>
;
k R0 xh ð x=2rÞk
h
R0 xZ
ð x=2rÞk

ð
Þ
s
R0
þ
2 ðg  2  2h=k Þð2rÞk ðg22h=k
kþh Þ

Z

eiuy  1
dy
ky1þ2=k

0
R0 xhmZðxm =2rÞk

R0 xh0 ðx0 =2rÞk

iuy

1
e 1
dyg:
g22h=k
ð
Þ
ky1þ2=k
kþh
y

where x(x) = Ff(x).
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[50] For the limit xm ! 1, requires g > 2 + 2 h/k, k > 2
for the derivation of equation (B13) from equations (B12),

fr ðuÞ ¼ exp

8
>
<s

R0 xh0 ðx0 =2rÞk

1

g22h=k
>
:2 ðg  2  2h=k Þx0
2
ðg2
h k Þ

þ

s
R0
2 k ðg  2  2h=k Þð2rÞk ðg22h=k
kþh Þ

Z

eiuy  1
dy
ky1þ2=k

0
R0 xhmZðxm =2rÞk

R0 xh0 ðx0 =2rÞk

9
>
>
e 1 =
dy
:
g
>
yðkþhþ1Þ >
;
iuy

ðB13Þ

[51] For the limit x0 ! 0, we require g < k + h.
Equation (9) can be obtained by evaluating the second
integral of equation (B13) [Gnedenko and Kolmogorov,
1954].
B3. Derivation of f(x) in Equation (3)
[52] It is known that the crater size frequency on the
Moon obeys a power law. Let x denote a crater diameter,
then we can write the crater number with diameters > x in
unit area N = kxg, where k and g are constant. N = F for x =
x0 and N = 0 for xm = 1. The total number of craters with
diameter ranging from x0 to xm,
F 0 ¼ kxg0  kxgm :

ðB14Þ

[53] We can derive the number of craters with diameters
from x to x + dx by differentiating N,
dN
¼ gkxg1 :
dx

ðB15Þ
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f(x) percentage frequency of craters
with a diameter x in total crater
population.
g exponent of the power law describing
the crater size frequency distribution.
R0xh ejecta thickness at the crater rim.
R0 coefficient.
h exponent of the power law describing
ejecta thickness at the crater rim.
k exponent of the power law describing
ejecta thickness decay as a function of r.
G( ) Gamma function.
a = (g  2)/h exponent in f(u).
E[Z] mean value of total accumulation of
ejecta thickness Z.
pr(z) probability density function of Z
carrying from beyond a circle centered at the origin and having a
diameter r.
fr(u) characteristic function of pr(z).
ar = (g + k)/h exponent in fr (u).
Zr range frequency function.
e =  (k  2/ar) exponent in range frequency function.
Xobs observed crater diameter.
Xslc slump-corrected crater diameter.
xa ‘‘apparent’’ transient crater diameter.
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